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Question 1 [16 marks]

a) What is an order relation? State the definition. Is it possible to order every set?
Give reasons. 5]

b) State Zorn’s lemma. [4]

c) Let (X, <) be an ordered set which satisfies the hypothesis of Zorn’s lemma. Show
that every maximal chain in X has a greatest element. [7]

Question 2 [12 marks]

Let V be a K-vector space.

a) What is a basis of V7 State the definition. If V' = {0}, does V" have a basis? Give
reasons. 3]

b) Prove that every minimal spanning set of the vector space V' is a basis of V. [5]

c) Does every spanning set of the vector space V' contain a minimal spanning set of
V7 Explain your answer? [4]

Question 3 [14 marks]

Let V be a K-vector space.

a) What is a norm in V7 State the definition. 4]
b) Prove that there exists a norm in V. 8]
c) What does one gain from a norm in V? Explain your answer. 2]



Question 4 [14 marks|

Let (V] ||) be a normed vector space.

a) Let U be a subspace of V. If U is a Banach space, prove that U is closed.

(6]

b) Let V be a Banach space and U a closed subspace of V. Prove that U is a Banach

space.

c) Are subspaces of finite dimension of V closed? Give reasons.

Question 5 [14 marks]

a) What is a Euclidean vector space? State the definition.
b) Let (V,®) be a Euclidean vector space.
i) If R and S are subspaces of V, prove that

(R+8)* =RtnsSh

ii) If U is a subspace of V, prove that U~ is closed.

Question 6 [19 marks]

Let (V,®) be a unitary vector space of infinite dimension.
a) Prove that there exists a sequence (a,)n of orthonormal vectors.

b) Show that Y sray is absolutely convergent.

o

c) If 3 5ray is convergent, prove that sy, does not belong to [{ax| k € NJ.

k=1

S}

(6]
2]

[4]



Question 7 [11 marks]

Let (V| ||) be a normed K-vector space.

a) Let U be a subspace of V and a:U — K a linear form. If « is continuous, state the
definition of | || 2]

b) State the theorem of Hahn-Banach. 4]

c) Let a € V — {0}. Show that there exists a closed hyperplane H of V such that
a & H. What is the intersection of all closed hyperplanes of V7 Give reasons. [5]

End of the question paper



